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Abstract
We evaluate the gravitational Schwinger terms for the specific 2-dimensional
model of Weyl fermions in a gravitational background field using a technique
introduced by Ka¨lle´n and find a relation which connects the Schwinger terms
with the linearized gravitational anomalies.
I. INTRODUCTION
The appearance of Schwinger terms [1] – [3] in the equal time commutators (ETC) of currents
is an indication that the corresponding quantum field theory may have anomalies (for an
introduction see Refs. [4] – [6]). These Schwinger terms (ST) show up as extensions in
the canonical algebra of the ETC of the Gauss law operators (see e.g. Refs. [7] – [10]),
and they have a cohomological [11], [12] and geometrical [13] – [16] interpretation. Within
QFT the perturbative calculations using the Bjorken-Johnson-Low limit [17], [18] work quite
successfully, however, not all of the familiar point splitting methods lead to the correct result
[19] – [20]. Therefore it is of interest to shed some light onto the anomalous phenomena from
a different point of view. We want to present in our paper a method which is computational
quite easy and has interesting features. It has been originally introduced by Ka¨lle´n [21]
and is related to the dispersion relation approach. Sy´kora [10] has applied the method to
compute the ST for currents in Yang-Mills theories. Our aim is to generalize this procedure
to the case of gravitation, where the current is replaced by the energy-momentum tensor,
and we perform the calculations in two dimensions. So we have to evaluate the vacuum
expectation value of ETC of the energy-momentum tensors.
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II. SCHWINGER TERMS
We start with the Lagrangian describing a Weyl fermion in a gravitational background field
in two dimensions
L = ieEaµψ¯γa
1
2
↔
Dµ P±ψ, P± =
1± γ5
2
, (2.1)
where Eaµ is the inverse zweibein, e = |det eaµ| is the determinant of the zweibein and
Dµ = ∂µ+ωµ is the covariant derivative with the spin connection ωµ. Note that as gravity is
only used as an external field we need not specify which theory of gravity we actually mean.
The computation will be valid for any two dimensional model where gravity is described by
a zweibein. (Remember in two dimensions Einstein’s gravity is only topological.)
From Eq. (2.1) we obtain the following classical energy-momentum tensor
Tµν = :
i
4
ψ¯
(
γµ
↔
∂ ν +γν
↔
∂µ
)
P±ψ : =
1
2
(
T Vµν ± T
A
µν
)
, (2.2)
where γµ(x) = e
a
µ(x)γa. We use the following conventions in two dimensions: g00 = −g11 =
1, ε01 = 1, γ0 = σ2, γ1 = iσ1 and γ5 = γ
0γ1 = σ3, where σi are the Pauli matrices.
Using the relation
γµγ5 = −εµνγ
ν , (2.3)
and the equations of motions we can express the pseudotensor part of the energy-momentum
tensor by the pure tensor part (recall that the tensor is symmetric)
TAµν = −ε
λ
µ T
V
λν . (2.4)
In quantum field theory the energy-momentum tensors form an algebra which is generally
not closed but has central extensions, socalled Schwinger terms. In two dimensions we have
[T00(x), T00(0)]ET = i (T01(x) + T01(0)) ∂1δ(x
1) + S0000 (2.5)
[T01(x), T01(0)]ET = i (T01(x) + T01(0)) ∂1δ(x
1) + S0101 (2.6)
[T00(x), T01(0)]ET = i (T00(x) + T00(0)) ∂1δ(x
1) + S0001 . (2.7)
The Schwinger terms S0000, S0101, S0001 are c-number terms and can therefore be determined
by considering the vacuum expectation value of the ETC.
III. KA¨LLE´N’S METHOD
To evaluate the vacuum expectation value of the ETC we work with a technique that has
been introduced by Ka¨lle´n [21] and is closely related to the dispersive approach. This tech-
nique has been applied already by Sy´kora [10] to compute the ST for currents in Yang-Mills
theories. Our aim is to generalize this procedure to the case of gravitation, where the current
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is replaced by the energy-momentum tensor.
In two dimensions we have the identity
ε λµ ε
τ
ρ = −gµρg
λτ + gλρg
τ
µ , (3.1)
so that we find
〈0|[Tµν(x), Tρσ(0)]|0〉 =
1
4
{
〈0|[T Vµν(x), T
V
ρσ(0)]|0〉
+〈0|[T Vρν(x), T
V
µσ(0)]|0〉 − gµρ〈0|[T
V λ
ν (x), T
V
λσ(0)]|0〉
∓ε λµ 〈0|[T
V
λν(x), T
V
ρσ(0)]|0〉 ∓ ε
λ
ρ 〈0|[T
V
µν(x), T
V
λσ(0)]|0〉
}
. (3.2)
So it is enough to consider the commutator of the pure tensor parts.
Let us define the following pure tensor contribution
Fµνρσ(x) := 〈0|T
V
µν(x)T
V
ρσ(0)|0〉. (3.3)
By inserting a complete set of states |n〉 with positive energy and momentum pn and using
the translation invariance we obtain
Fµνρσ(x) =
∑
n
〈0|T Vµν(x)|n〉〈n|T
V
ρσ(0)|0〉
=
∑
n
〈0|T Vµν(0)|n〉〈n|T
V
ρσ(0)|0〉e
−ipnx. (3.4)
We may write
Fµνρσ(x) =
∫
d2p e−ipxGµνρσ(p)θ(p
0), (3.5)
where
Gµνρσ(p) =
∑
n
δ(pn − p)〈0|T
V
µν(0)|n〉〈n|T
V
ρσ(0)|0〉. (3.6)
From Lorentz covariance and symmetry we get the following decompositon into formfactors
Gµνρσ(p) = pµpνpρpσG1(p
2) + (pµpνgρσ + pρpσgµν)G2(p
2)
+(pµpρgνσ + pµpσgνρ + pνpρgµσ + pνpσgµρ)G3(p
2)
+gµνgρσG4(p
2) + (gµρgνσ + gµσgνρ)G5(p
2) . (3.7)
Making use of ∂µT Vµν(x) = 0 provides the Ward identity p
µGµνρσ(p) = 0 that can be expressed
by the formfactors in the following way
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p2G1 +G2 + 2G3 = 0 (3.8)
p2G2 +G4 = 0 (3.9)
p2G3 +G5 = 0. (3.10)
Now let us explicitly evaluate Gµνρσ(p). As we are considering the energy-momentum tensor
as a free (noninteracting) tensor – analogously to the case of free currents – we only need to
sum up states that consist of one fermion-antifermion pair in Eq. (3.6). We get
Gµνρσ(p) =
∫
dp1
∫
dp2
∑
s1
∑
s2
δ(p− p1 − p2)〈0|T
V
µν(0)|p1, s1; p2, s2〉〈p1, s1; p2, s2|T
V
ρσ(0)|0〉.
(3.11)
Let us assume that the fermions are described by a canonically quantized field with mass
m. We then find with (/p−m)u(p) = 0 and (/p+m)v(p) = 0
Gµνρσ(p) = −
1
64pi2
∫
dp1
∫
dp2
∑
s1
∑
s2
δ(p− p1 − p2)
m2
Ep1Ep2
×(p1 − p2)ν(p1 − p2)σv¯
(s2)(p2)γµu
(s1)(p1)u¯
(s1)(p1)γρv
(s2)(p2)
+(µ↔ ν) + (ρ↔ σ) +
(
µ↔ ν
ρ↔ σ
)
. (3.12)
Without the interchanges we call this Gniµνρσ(p).
We then use the completeness relations for the spinors and introduce the 0-component of
the 2-momenta as integration variable to obtain
Gniµνρσ = −
1
64pi2
∫
d2p1d
2p2 δ(p− p1 − p2)δ(p
2
1 −m
2)δ(p22 −m
2)θ(p01)θ(p
0
2)
×(p1 − p2)ν(p1 − p2)σtr
[
γµ(/p1 +m)γρ(/p2 −m)
]
. (3.13)
Integrating next over the first δ-function and evaluating the trace gives
Gniµνρσ = −
1
32pi2
∫
d2p1 δ(p
2
1 −m
2)δ((p− p1)
2 −m2)θ(p01)θ(p
0 − p01)
×(2p1 − p)ν(2p1 − p)σ
[
p1µ(p− p1)ρ + p1ρ(p− p1)µ
−gµρp
λ
1(p− p1)λ − gµρm
2
]
. (3.14)
If we compare this with the following amplitude
T pvµνρσ(p) = i
∫
d2xeipx〈0|T [T Vµν(x)T
V
ρσ(0)]|0〉, (3.15)
where “pv” stands for “pure vector” (representing the pure tensor contribution), we find
Gµνρσ(p) =
1
2pi2
ImT pvµνρσ(p) . (3.16)
So Gµνρσ(p) is proportional to the imaginary part of the amplitude. From Gµνρσ(p) we will
determine the Schwinger terms whereas from ImT pvµνρσ(p) we find T
pv
µνρσ(p) due to dispersion
relations (see Ref. [22]).
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Using (2.2), (2.3) one then gets the full amplitude
Tµνρσ(p) = i
∫
d2xeipx〈0|T [Tµν(x)Tρσ(0)]|0〉. (3.17)
From the anomalous Ward identities pµTµνρσ(p) and g
µνTµνρσ(p) then follow the linearized
Einstein 〈∂µTµν〉 and Weyl 〈T
µ
µ〉 anomalies respectively. (See Ref. [22] for details.) So in
this approach relation (3.16) links the Schwinger terms to the gravitational anomalies.
The reader may note that the two-point function Tµνρσ(p) is dependent from the gravita-
tional background field as the energy-momentum tensors in (2.2) depend on the zweibein.
If we now introduce a linearized graviton and do perturbation theory by coupling it to the
energy-momentum tensor, Tµνρσ(p) will give us the leading contribution to the gravitational
anomalies. Independent of this linearization Gµνρσ(p) determines the full Schwinger terms
in a gravitational background.
Using the expression
J0 =
∫
d2k δ(k2 −m2)δ
(
(p+ k)2 −m2
)
θ(−k0)θ(k0 + p0)
=
1
p2
(
1−
4m2
p2
)− 1
2
θ(p2 − 4m2) (3.18)
we can compute the formfactors (see Ref. [22], [23])
G1(p
2) = −
1
4pi2
J0
m2
p2
(
1− 4
m2
p2
)
(3.19)
G2(p
2) = −
1
48pi2
J0p
2
(
1− 8
m2
p2
+ 16
m4
p4
)
(3.20)
G3(p
2) =
1
96pi2
J0p
2
(
1 + 4
m2
p2
− 32
m4
p4
)
(3.21)
G4(p
2) =
1
48pi2
J0p
4
(
1− 8
m2
p2
+ 16
m4
p4
)
(3.22)
G5(p
2) = −
1
96pi2
J0p
4
(
1 + 4
m2
p2
− 32
m4
p4
)
. (3.23)
Now we consider the commutator
〈0|[T Vµν(x), T
V
ρσ(0)]|0〉 = Fµνρσ(x)− Fρσµν(−x) =
∫
d2p e−ipxε(p0)Gµνρσ(p) . (3.24)
If we remove the mass, m→ 0, that acted as an infrared cutoff, we get
G1(p
2) = lim
m→0
−
1
4pi2
m2
p4
(
1−
4m2
p2
)1
2
θ
(
p2 − 4m2
)
= −
1
24pi2
δ(p2) . (3.25)
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From Eq. (3.24) we explicitly find
〈0|[T V00(x), T
V
00(0)]|0〉ET = lim
x0→0
−
1
24pi2
∫
d2p e−ipxp41 ε(p
0)δ(p2) = 0 (3.26)
〈0|[T V11(x), T
V
11(0)]|0〉ET = lim
x0→0
−
1
24pi2
∫
d2p e−ipxp40 ε(p
0)δ(p2) = 0 (3.27)
〈0|[T V00(x), T
V
11(0)]|0〉ET = 〈0|[T
V
01(x), T
V
01(0)]|0〉ET
= lim
x0→0
−
1
24pi2
∫
d2p e−ipxp20p
2
1 ε(p
0)δ(p2) = 0 (3.28)
〈0|[T V00(x), T
V
01(0)]|0〉ET = lim
x0→0
−
1
24pi2
∫
d2p e−ipxp0p
3
1 ε(p
0)δ(p2) (3.29)
〈0|[T V01(x), T
V
11(0)]|0〉ET = lim
x0→0
−
1
24pi2
∫
d2p e−ipxp30p1 ε(p
0)δ(p2) . (3.30)
The first three expressions vanish because ε(p0) is antisymmetric. To evaluate the next two
we use the Pauli-Jordan function
△(x) =
1
2pi
∫
d2p e−ipxε(p0)δ(p2) (3.31)
with the properties
∂µ∂µ△(x) = 0 (3.32)
△(x)|x0=0 = 0 (3.33)
∂0△(x)|x0=0 = −iδ(x
1) (3.34)
and we find
lim
x0→0
−
1
24pi2
∫
d2p e−ipxε(p0)p0p1p
2δ(p2) = lim
x0→0
−
1
12pi
∂0∂1(∂
2
0 − ∂
2
1)△(x) = 0 . (3.35)
So we conclude
〈0|[T V00(x), T
V
01(0)]|0〉ET = 〈0|[T
V
01(x), T
V
11(0)]|0〉ET
= lim
x0→0
−
1
12pi
∂31∂0△(x) =
i
12pi
∂31δ(x
1) . (3.36)
With Eq. (3.2) we finally obtain the Schwinger terms in the ETC of the energy-momentum
tensors
〈0|[T00(x), T00(0)]|0〉ET = 〈0|[T11(x), T11(0)]|0〉ET = ∓
i
24pi
(∂1)
3δ(x1) (3.37)
〈0|[T00(x), T11(0)]|0〉ET = 〈0|[T01(x), T01(0)]|0〉ET = ∓
i
24pi
(∂1)
3δ(x1) (3.38)
〈0|[T00(x), T01(0)]|0〉ET = 〈0|[T01(x), T11(0)]|0〉ET =
i
24pi
(∂1)
3δ(x1) . (3.39)
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IV. CONCLUSION
We have calculated the ETC of the energy-momentum tensors by using a technique intro-
duced by Ka¨lle´n [21]. Our result, Eqs. (3.37)–(3.39), agrees with the one of Tomiya [24]
who works with a different method, essentially equivalent to the Bjorken-Johnson-Low limit,
and in addition uses a cohomological approach. It also coincides with the result of Ebner,
Heid and Lopes-Cardoso [25] who derive the ST directly from the gravitational anomaly. In
our approach Eq. (3.16) is the basic relation. It shows clearly how the Schwinger terms,
given by the quantity Gµνρσ, are connected with the gravitational anomalies, as the imagi-
nary part ImT pvµνρσ determines the gravitational anomalies by means of dispersion relations
[22]. We observe that it is just the formfactor G1(p
2) which contributes to the ST due to
its peculiar feature that it approaches a δ-function singularity at zero momentum squared
when m → 0. This is the characteristic infrared feature of a dispersion relation approach.
It should be noted, however, that this infrared singularity is of different nature as compared
to the familiar infrared divergencies in flat space-time. The former arises from massless
fermions whereas the later result from massless vector bosons.
The main physical implication of the Schwinger terms in the algebra of energy-momentum
tensors is the following: If one chooses a specific two dimensional model for gravity, then
some of the components of the energy-momentum tensor will be part of the constraints in
the Hamiltonian formulation. (See e.g. Ref. [26]). The Schwinger terms in the energy-
momentum tensors will then lead to nontrivial Schwinger terms in the constraints giving an
obstruction to a consistent quantization of the theory. The situation is very similar to Yang
Mills theory, where the constraint is given by the Gauss law operator which is the generator
of time independent gauge transformations. (See e.g. Refs. [7]- [20].)
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